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Unconventional topological transitions in a self-organized magnetic ladder
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It is commonly assumed that topological phase transitions in topological superconductors are accompanied
by a closing of the topological gap or a change of the symmetry of the system. We demonstrate that an
unconventional topological phase transition with neither gap closing nor a change of symmetry is possible.
We consider a nanoscopic length ladder of atoms on a superconducting substrate, comprising self-organized
magnetic moments coupled to itinerant electrons. For a range of conditions, the ground state of such a
system prefers helical magnetic textures, a self-sustaining topologically nontrivial phase. Abrupt changes in
the magnetic order as a function of induced superconducting pairing or chemical potential can cause topological
phase transitions without closing the topological gap. Furthermore, the ground state prefers either parallel or
antiparallel configurations along the rungs, and the antiparallel configuration causes an emergent time reversal
asymmetry protecting Kramers pairs of Majorana zero modes, but in a BDI topological superconductor. We
determine the topological invariant and inspect the boundary Majorana zero modes.

DOI: 10.1103/PhysRevB.103.235419

I. INTRODUCTION

In recent years, the investigation of topological phases
[1] has deepened our understanding of many-body sys-
tems and predicted the emergence of novel states of matter
[2,3]. Prior to the discovery of topological phases the con-
ventional Landau picture classified phase transitions into
discontinuous or continuous ones, associated with symmetry
breaking and emergence of order. This understanding has been
deepened by the investigation of quantum phase transitions
[4], and analogies can been drawn with dynamical quan-
tum phase transitions [5]. Berezinskii-Kosterlitz-Thouless
transitions [6] are one example which lies beyond the Lan-
dau paradigm and describe the condensation of topological
defects.

In contrast to continuous transitions, which can be un-
derstood from the behavior of order parameters associated
with symmetry breaking, topological phase transitions orig-
inate from a change of the topology of the ground state,
which is protected by a gap. Ground states can be classified
topologically by which can be deformed into each other by
symmetry preserving unitary deformations, and they can be
characterized by topological invariants. Such topological band
insulators and superconductors are hence further classified
according to their symmetries [7,8]. Furthermore, the bulk
topological invariants are related to the number of boundary
modes emerging inside a topological gap [9].

Topological phase transitions therefore require either a
closing of the gap or a change of the symmetry [10,11].
Here, we propose an exotic type of topological transition
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accompanied neither by a change of the symmetry nor by a
closing of the topological gap. We discuss a specific realiza-
tion of such an unconventional topological phase transition
in a nanoscopic magnetic ladder proximitized to a bulk su-
perconductor. The mechanism by which the unconventional
topological phase transition occurs is generic, and could
be generalized to any dimension or topological symmetry
class. This is in contrast to the first-order topological phase
transition introduced in Ref. [12] which exists only in three-
dimensional (3D) topological insulators and is driven by a
discontinuous change in the magnetization of the ground state
as a function of applied magnetic field. In our case it is
rather the magnetic ordering of the ground state which has
discontinuities in the parameter space. The discontinuity in
the magnetic order as a function of a parameter leads to a
topological phase transition without the topological gap clos-
ing or the symmetry changing. In other contexts magnetic
ordering has already been shown to be important for topolog-
ical superconductivity, from noncollinear magnetic order in
chains [13,14], magnet-superconductor hybrid structures [15],
to the Majorana zero modes (MZMs) confined at skyrmions
[16,17].

The model we consider has a further interesting property
as it is an example of a chiral BDI topological superconductor
which nonetheless has an additional time reversal symmetry
in some regions of the phase diagram, in which case it should
be more correctly thought of as AIII. Thus we find Kramers
pairs of MZMs even though the Z topological invariant of
the BDI class remains valid, which becomes equal to 2 to
reflect the existence of the multiple edge modes [18]. The
MZMs themselves [19–21] are of interest both due to their
fundamental properties, such as their non-Abelian braiding,
and the possible application of this property for fault tolerant
quantum computation [22,23].
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FIG. 1. Schematic view of the magnetic ladder whose spiral or-
der has parallel (�q = 0) or antiparallel (�q = π ) alignment in the
rungs, which are decisive for the topologically nontrivial supercon-
ducting phase.

II. MICROSCOPIC MODEL

Topological superconductivity in magnetic ladders driven
by strong Rashba coupling and a Zeeman field has been pre-
viously considered by several groups [13,24–33]. Here, we
investigate a different scenario due to the self-organization
of the classical moments deposited on a superconducting
substrate, and its ability to automatically develop topological
phases. Magnetic order on a substrate can reorder as param-
eters are varied [34–39], and the self-sustained topological
superconductivity of single magnetic chains [34–36,40,41]
has been predicted to survive to experimentally accessible
temperatures [42,43]. We show that the magnetic moments of
the ladder prefer to align either ferro- or antiferromagnetically,
without any topological superconductivity, or they develop
two types of chiral arrangements, both of which imply the
topologically nontrivial phase (Fig. 1). Surprisingly, the tran-
sition to these topological phases is not necessarily related to
a closing and reopening of the protecting gap.

Electrons moving on 2 × N sites of the magnetic ladder
can be described by the tight-binding Hamiltonian

H = −t
∑
i,σ

(∑
j

ĉ†
i, j,σ ĉi+1, j,σ + ĉ†

i,1,σ ĉi,2,σ + H.c.

)

− μ
∑
i, j,σ

ĉ†
i, j,σ ĉi, j,σ + J

∑
i, j

Si, j · ŝi, j

+ �
∑
i, j

(ĉ†
i, j,↑ĉ†

i, j,↓ + H.c.), (1)

where i = 1, 2, . . . , N enumerates the sites along the legs,
and j ∈ {1, 2} refers to the legs. We use the conventional
notation for the annihilation (creation) operators ĉi, j,σ (ĉ†

i, j,σ )
and define the spin operator

ŝi, j = 1

2

∑
α,β

ĉ†
i, j,ασαβ ĉi, j,β , (2)

with σ being a vector of the Pauli matrices. We assume that
electrons interact with the magnetic moments Si whose slow
dynamics can be treated classically. Such local moments can
be expressed in spherical coordinates as

Si, j = S(sin θi, j cos φi, j, sin θi, j sin φi, j, cos θi, j ), (3)

in terms of the polar and azimuthal angles θi and φi, re-
spectively. Here, we focus on the coplanar spin configuration

θi = π/2, i.e., assuming Si, j = S(cos φi, j, sin φi, j, 0). We take
t as the energy unit throughout the paper. Note that despite
the classical approximation for the localized spins, the spins
and the electrons are coupled and this coupling determines the
properties of the entire system by inducing the ordering in the
magnetic subsystem and driving the electrons to a topological
state.

We have found that at zero temperature, the magnetic mo-
ments eventually develop a perfect spiral ordering φi,1 = iq,
φi,2 = iq + �q, where q is the spiral pitch and �q is the phase
difference between the legs. Note that q describes the ordering
along the legs (i.e., q = 0 corresponds to ferromagnetic and
q = π to antiferromagnetic order), whereas �q describes the
relative phase between the spirals on the two legs. In other
words, �q amounts for the phase difference along the rungs.
In the following, we self-consistently compute the values q∗
and �q∗ of q and �q, which minimize the ground state en-
ergy.

III. THE SELF-ORGANIZED SPIN LADDER

Most of our numerical calculations are obtained for N =
70, but in order to verify that the results would be valid in
the thermodynamic limit, we also performed some finite-size
scaling with systems up to N = 200. The preferred magnetic
texture of this finite-size ladder is determined by minimization
of the energy with respect to the allowed configurations of the
localized moments Si, j .

Assuming the helical parametrization, we sweep through
discretized values of q and �q (qi = iπ/100, �q j = jπ/100,
i, j = 0, . . . , 100). For each pair (qi,�q j ) the Hamiltonian
(1) is numerically diagonalized, computing the ground state
energy E (qi,�q j ). In the next step, we search for the min-
imum of E (q,�q) for a range of model parameters, such
as μ, �, and t⊥ determining q∗ and �q∗. Using this algo-
rithm we have computed the effective quasiparticle energies
and the expectation values of physical quantities. Besides the
perfect helical order along the legs, we have also checked the
stability of dimerized configurations where φi, j = φi+1, j for
i = 1, 3, 5, . . . and j = 1, 2. The stability of such block-spiral
configurations has been suggested, e.g., in Ref. [44]. To verify
the validity of the helical ansatz we used the simulated an-
nealing algorithm [45] based on the Metropolis Monte Carlo
approach to systems with mixed quantum-classical degrees of
freedom [46] (see Appendix B).

Figures 2(a) and 2(b) show the stability diagrams of the
system with respect to (μ,�). It can be noticed that the
majority of stable configurations coincide with the ferromag-
netic (q∗ = 0) or antiferromagnetic q∗ = π lateral orderings
where �q∗ = 0 or �q∗ = π , respectively. The regions of
large chemical potential refer to the fully (or almost fully)
filled bands with virtually no dependence on (q,�q), there-
fore these parts of the diagram do not develop well-defined
magnetic textures.

There exist, however, stable configurations with q∗ differ-
ent from 0 and π located around the points marked by white
crosses in Fig. 2. In one of them, �q∗ = π , and in the other
one, �q∗ = 0. We have found two types of helical order-
ing along the legs. These spirals are either identical on both
legs or shifted by π , as schematically displayed in Fig. 1.
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FIG. 2. (a) and (b) show q∗ and �q∗ with respect to � and μ. (c) presents the quasiparticle energy gap �E around the Fermi level.
In particular, �E = 0 (dark regions) may imply the existence of the zero-energy modes of a topologically nontrivial phase. (d) shows a Z
topological invariant. The white crosses indicate the points for which we present the quasiparticle spectra in Fig. 12. Energy landscapes at
points marked by black dots in (a) and (b) (for � = 0.3, μ = 0.6 → 1.4) are presented in Fig. 4.

Furthermore, these regions reveal the stable topological phase
hosting the zero-energy boundary modes. For an indirect
proof we plot in Fig. 2(c) the energy difference �E between
two eigenstates right in the middle of the quasiparticle spec-
trum. To confirm that these zero-energy states are MZMs, we
have also checked their Majorana polarization [47–50], which
can be probed by spin-polarized Andreev spectroscopy [51]
(see Sec. VI for more details). Since the low-energy spectrum
is symmetric, such a vanishing gap is a necessary condition for
the zero-energy eigenstates. We observe that indeed in these
regions �E = 0. What is interesting, within the topological
region with �q∗ = 0 there exists a small dome of stability
of the dimerized phase, where the system is topologically
trivial. It turns out that the two separate regions for �q∗ = 0
and �q∗ = π have quite different topological properties. We
also discuss this issue from the symmetry point of view. Two
such different topological regions stem from an additional
degree of freedom in the ladder as compared to a single-leg
chain. In the latter case, the only parameter characterizing
the zero-temperature magnetic structure is the spiral pitch q.
As regards the ladder, the relative mismatch between helical
structures (�q∗) turns out to be important as well.

IV. TOPOLOGY AND SYMMETRY

In order to facilitate our analysis of the Hamiltonian (1) we
will first rewrite it using a gauge transformation, following

which we can use a standard Fourier transform. We first take
the step of writing the ladder degree of freedom using the
Pauli matrices λi. If σ i and τ i stand for the spin and particle-
hole, then Hamiltonian (1) becomes

Hs = −t‖
∑

i

	
†
i τz	i+1 + H.c. − t⊥

∑
i

	
†
i τzλx	i

− μ
∑

i

	
†
i τz	i + �

∑
i

	
†
i τx	i

+ J

4

∑
i

	
†
i (Si,1 · 	σ[λ0 + λ3]

+ Si,2 · 	σ[λ0 − λ3])	i, (4)

with the convenient spinor notation

	
†
i = (c†

i,1,↑, c†
i,2,↑, c†

i,1,↓, c†
i,2,↓, ci,1,↓, ci,2,↓,−ci,1,↑,−ci,2,↑).

(5)

In the following, we assume θi = π/2 and φi, j = (i − 1)q −
( j − 2)�q. The gauge transformation [49] can be written
explicitly as

Ti, j = e−i
φi, j

2 σz
e−i π

4 σy
, (6)
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FIG. 3. Eigenenergies εn and the angles q∗, �q∗ obtained for
a line through the phase diagrams with � = 0.3. The green and
red hatched areas show topological regions with ν = 1 and ν = 2,
respectively. Note that only the phase transition near μ ≈ 3.3 is
accompanied by a gap closing. At all other transitions one of the
angles suddenly shifts, indicating an unconventional discontinuous
onset of the topological phases.

which gives T†
i, jSi, j · 	σTi, j = Sσz. Introducing a Fourier

transform F[Hs] = ∑
k 	

†
kHk	k , one then obtains

Hk = fk,qτ
z + g�qτ

zλx − J

4
σz + �τx

+ lk,qτ
zσx + m�qτ

zσxλy. (7)

The functions introduced are fk,q = −2t cos k cos q/2 −
μ, g�q = −t cos �q/2, lk,q = 2t sin k sin q/2, and m�q =
−t sin �q/2.

With K̂ being a complex conjugation, we potentially
have the following symmetries: (i) particle-hole symmetry
[C,H]+ = 0, where C = τyσyK̂ and C2 = 1; (ii) time reversal
symmetry [T+,H]− = 0, where T+ = iσzK̂ and T 2

+ = 1; (iii)
fermionic time reversal symmetry [T−,H(�q = π )]− = 0,
where T− = σzλyK̂ and T 2

− = −1; and finally (iv) chiral sym-
metry, [V,H]+ = 0, where V = CT + = −τyσx.

When T− is present, there will be Kramers pairs, but note
that this symmetry acts in the ladder not the spin subspace.
T+ can be destroyed by, for example, introducing nonplanar
spin densities. With both of these symmetries present, there is
a further unitary symmetry P = T+T− = −iλy. We note here
that neither of the time reversal symmetries used here corre-
spond to the physical time reversal symmetry of electrons.

FIG. 4. Energy as a function of q and �q for different values
of the chemical potential and � = 0.3. The red arrows indicate
(q∗, �q∗). The points in the (μ, �)-phase diagram at which the
energy landscapes were calculated are marked by black dots in
Figs. 2(a) and 2(b).

At this high symmetry point �q = π where this system
has this additional unitary symmetry [P,H] = 0, we can first
block diagonalize our Hamiltonian with respect to this sym-
metry operator:

H̃k = U −1HkU =
(
H+ 0
0 H−

)
. (8)

In this basis P̃ = U −1PU and the rotation is given by U =
e−i π

4 λx
. We note that as the gauge transformation T from

the original basis to the local spin basis does not com-
mute with this rotation U , in the original basis it would be
given by Uo = ei π

4 λy
. Following this rotation we find H̃± =

− J
4 σz + fk,qτ

z + (lk,q ± 1)τzσx + �τx. It is straightforward
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FIG. 5. Energy as a function q for �q = 0 [(a) and (c)] and �q =
π [(b) and (d)] for μ = 0.9 [(a) and (b)] and μ = 1.0 [(c) and (d)]
for different system sizes. Different lines correspond to N = 20, 40,
70, 100, 140, and 200, as indicated in the legend. The horizontal
dashed red lines allow one to compare the depth of the global energy
minimum at q = q∗ and the local minimum at q = q′

∗.

to prove that this has only the chiral symmetry Ṽ = −τyσx,
and therefore is in class AIII with a Z invariant. A direct real
space diagonalization shows that it has edge states, in com-
plete agreement with the original Hamiltonian. Furthermore,
one can use the chiral symmetry to calculate its topological
invariant.

It therefore remains unclear if such MZM Kramers pairs
could in principle be used for braiding operations. We note
that within the strict classification scheme one should first
block diagonalize the Hamiltonian with respect to all unitary

FIG. 6. Finite-size scaling of energy at the global (q∗) and local
(q′

∗) energy minimum for (a) μ = 0.9 and (b) μ = 1.0. The points
represent systems with lengths N = 20, 40, 70, 100, 140, and 200.
The dashed lines show extrapolation N → ∞.

FIG. 7. The phase diagrams based on (a) the parity calculation
and (b) the Majorana polarization obtained for system length N =
70, both of which agree ideally with Fig. 2.

symmetries. The combination of two time reversal symme-
tries leads to an additional unitary symmetry, and following
block diagonalization, using the rotation ei π

4 λx
, the resulting

subblock Hamiltonians have only chiral symmetry (class AIII)
and therefore a priori there are no non-Abelian MZMs. Equiv-
alently this can be seen in the full Hamiltonian by considering
rotations within the degenerate Kramers pair subspace, where
only a specific set of bases refer to pairs of MZMs.

For now let us consider a general �q, so then we can find
the Z invariant from [52]

ν = − 1

4π i

∫
dk trV∂kHk[Hk]−1, (9)

where V = CT+ is the chiral symmetry operator. The in-
tegrand can be found analytically, but it is quite a long
expression. As the chiral symmetry is still present even at
the high symmetry point where P = T+T− = −iλy is also a
symmetry, this invariant also works in that case. This is an
expression of the fact that one can consider such a system as
BDI with an additional T − symmetry giving rise to Kramers
pairs [18]. We note that the extra TRS is not necessary for the
invariant 2, and it simply enforces a strict degeneracy on the
MZM pairs.

The parity of the Z topological invariant [53], namely δ =
(−1)ν , can be found directly following Ref. [54]. One obtains

δ = sgn(A+A−), (10)
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FIG. 8. The same as in Fig. 2 with respect to the perpendicular hopping integral t⊥ obtained for � = 0.3.

where the explicit form for A± is given by

A± = J4

28
− J2

8
[cos(�q) + �2 + μ2 + 2]

+�4 + μ4 + 6�2 + 2�2μ2 + 10μ2

± 2μ

[
4(�2 + μ2 + 2) − J2

4

]
cos

(q

2

)

+
(

−J2

4
+ 4�2 + 12μ2 + 4

)
cos q

± 8μ cos

(
3q

2

)
+ 2 cos 2q + 3. (11)

Its dependence on � and μ is presented in Fig. 7(a).

V. TOPOLOGICAL PHASE TRANSITIONS

An interesting fact about this ladder system is that it can
have topological phase transitions which are accompanied
by neither gap closing nor symmetry changing. This can
be traced back to the self-organized reordering of the spin
structure, as the parameters are changed. Such discontinuous
reorderings for � = 0.3 are clearly seen in Fig. 3. Addi-
tionally, evolution of the energy landscape in two of these
transitions is illustrated in Fig. 4. By varying the chemical
potential, the thick red arrow indicates discontinuous changes
of the ground state configurations (q∗,�q∗) responsible for
transitions to/from the topological phase.

To demonstrate that this effect does not disappear in the
thermodynamic limit we repeated the calculations for μ = 0.9

and μ = 1.0, i.e., around one of the points where a discontin-
uous transition takes place, for systems with N from 20 to 200
and performed a finite-size scaling analysis. Figure 5 shows
a comparison of the energy as a function of q for �q = 0
and �q = π (left and right column, respectively) for μ = 0.9
and μ = 1.0 (upper and lower row, respectively). q∗ and q′

∗
indicate the value of q that corresponds to the global and local
energy minimum, respectively. One can notice there that for
N > 40 a discontinuous transition from (q∗ ≈ 2,�q∗ = π )
to (q∗ = π,�q∗ = 0) occurs when the chemical potential
increases from 0.9 to 1. Figure 6 shows that this holds true
also in the thermodynamic limit N → ∞. The absence of the
transition for N = 20 and N = 40 indicates the importance of
the finite-size scaling.

VI. MAJORANA POLARIZATION

As an unambiguous check of the zero-energy quasiparticle
modes emerging in the topological regions we also calculated
the so-called Majorana polarization introduced in Ref. [47]
which is a suitable tool for probing the topological order
parameter spread over region R. Formally, it is defined by
[48–50]

P = 1

N

∑
i, j∈R

(Pi, j↑ − Pi, j↓), (12)

where Pi, jσ = 〈ψσ |C r̂i, j |ψσ 〉, r̂i, j is the projection onto site i
of the jth chain, and C stands for the particle-hole operator.
Since the zero-energy (Majorana) quasiparticles show up at
the ends of the ladder, we choose R to be the half of all
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FIG. 9. Comparison of the results obtained under the assump-
tion of a regular helical magnetic structure and unrestricted results
obtained with the simulated annealing algorithm. The blue color
in (a) shows a false color map of the static spin structure factor
S(qx, qy = 0) and in (b) S(qx, qy = π ). The red points show q∗ and
�q∗. For μ � 3.6 the ordering temperature is too low to be reached
in the SA which explains the disagreement in this region. It can
also be seen in Fig. 2, where the finite numerical accuracy does not
allow for an unambiguous determination of the ground state spin
configuration.

ladder sites (i, j) for i = 1, . . . , N/2 and j = 1, 2. Figure 2(d)
confirms that the zero-energy states are indeed topological.

The magnitude |Pi, j↑ − Pi, j↓| of the local Majorana po-
larization can be probed by the spin-polarized Andreev
spectroscopy [51]. It characterizes the particle-hole overlap of
the emerging quasiparticles, whereas (12) probes their spa-
tial coherence. Its dependence on � and μ is presented in
Fig. 7(b).

VII. SUMMARY

We have studied the self-organization of the classical mag-
netic moments of a finite-length ladder proximitized to a bulk
superconductor. From numerical calculations we discover two
different regions of possible topological phases (hosting the
zero-energy boundary modes) which are helically ordered
along the legs with a characteristic pitch vector q∗ and a lateral
mismatch �q∗ = 0 or �q∗ = π . Analyzing the symmetry
relations, we provided arguments for the BDI or AIII classi-
fication of this system for �q∗ = 0 or �q∗ = π , respectively,
and discussed its Z topological invariant. We argue that the
transition to the topological phase is unconventional, without
any closing/reopening of the quasiparticle gap. We assign

this unusual behavior to a discontinuous changeover of the
lateral shift �q∗ between 0 and π upon varying the chemical
potential. This effect should be observable experimentally
with the use of gate potentials. Similar discontinuous topo-
logical transitions might be possibly observed in other
(nonsuperconducting) systems [12,55].
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APPENDIX A: EFFECT OF PERPENDICULAR HOPPING

For additional insight into the topological superconducting
phase of the self-organized magnetic ladder we also examined
the stable magnetic structures allowing the interleg coupling
t → t⊥ to vary. Figure 8 displays the results obtained for
� = 0.3. The interleg hopping t⊥ varies from 0 (decoupled
chains) to 1 (identical hopping along and across the legs). Let
us remark that for t⊥ = 0 the pitch vector q∗ and the chem-
ical potential μ corresponding to the topologically nontrivial
ground state perfectly agree with the previous results obtained
for a single chain [43], whereas �q∗ is then meaningless.
Upon increasing the coupling t⊥ the initial topological phase
(appearing at �q∗ = π for t⊥ = 0) gradually shrinks and an
additional topological phase is established (at �q∗ = 0), start-
ing from t⊥ ≈ 0.1.

APPENDIX B: SIMULATED ANNEALING

Most of the presented calculations have been obtained
under the assumption that the magnetic structure can be
parametrized as Si, j = S(cos φi, j, sin φi, j, 0), where φi,1 = iq,
φi,2 = iq + �q. To verify the validity of this ansatz, we used
the simulated annealing (SA) algorithm to generate the ac-
tual zero-temperature spin configurations which correspond
to the global minimum of the ground state energy [45]. In
this approach we start with high temperature and random spin
configurations. Then, we perform Metropolis Monte Carlo
(MC) simulations during which the temperature is gradually
reduced. In each MC step a new spin configuration is tried,
the Hamiltonian (1) is diagonalized, and then the new con-
figuration is accepted or rejected on the basis of the change
of the free energy [46]. To avoid trapping in a local energy
minimum, the temperature decreases in a sawtoothlike pat-
tern, where at the end of each step the system is reheated
before further linear temperature reduction. When the spin
configurations are close to the global minimum of the ground
state energy, we calculate the static spin structure factor,

S(q) = 1

N2

∑
k,l

〈Sk · Sl〉eiq·rkl , (B1)

where k, l denote the spin coordinates along the x and y direc-
tions, i.e., k = (i, j), l = (i′, j′), and rkl is the position vector
from site k to l . 〈· · · 〉 represents the thermal average over the
ensemble generated in the MC runs. As T → 0, fluctuations
vanish and 〈Sk · Sl〉 → Sk · Sl |min, where “min” denotes the
configuration that minimizes the ground state energy. For a
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FIG. 10. Examples of spin configurations obtained within the SA
approach for (a) μ = 0.2, (b) 0.6, (c) 1.8, and (d) 3.2. In all cases
� = 0.3 is assumed.

perfect spiral ordering, S(q) has a peak at qx = q∗ and qy =
�q∗ with its magnitude dependent on the spiral pitch.

Figure 9 shows a comparison of S(q) for an unrestricted
magnetic structure obtained in the SA and q∗,�q∗. Since the
size of the system in the y direction is only 2, there are only
two allowed values of qy = 0 and qy = π . These two slices of
S(q) are presented in Figs. 9(a) and 9(b), respectively. Some
slight discrepancies result from imperfections in the configu-
rations generated in SA. Examples of the configurations are
presented in Fig. 10.

Figure 10(a) shows a single point defect (domain wall)
that eventually would vanish after longer SA. However, since
the SA was aimed only at verifying the assumed ansatz, the
calculations were not performed for a very long time. Most

FIG. 11. Local polarization Pi, j↑ − Pi, j↓ for μ = 3.2 and � =
0.3. Only half of the ladder is shown.

of the configurations are, however, very close to perfect spi-
rals, as demonstrated in Fig. 10(b). Small long-wavelength
fluctuations sometimes are superimposed on a regular order,
especially close to discontinuous transitions, as shown in
Fig. 10(c). In a narrow range of the model parameters, the
spin configurations are affected by the presence of the edges
of the ladder. As can be seen in Fig. 10(d), close to the ends
of the ladder the spiral order is replaced by a ferromagnetic
alignment of the spins. Since the spiral is necessary for the
topological phase, this effect can be detrimental to Majorana
modes, which are supposed to be located in this very region.
To examine if this is actually the case, we have calculated the
spatial distribution of the local Majorana polarization Pi, j↑ −
Pi, j↓. The results presented in Fig. 11 show that the Majorana
modes are still located close to the ends of the ladder, despite
the fact that the spiral order is strongly suppressed in these
regions.

APPENDIX C: QUASIPARTICLE SPECTRA

In this Appendix we present the typical quasiparticle en-
ergies as functions of the pitch vector q obtained numerically
for � = 0.3 and two values of the chemical potential, μ =
0.9 [Figs. 12(a) and 12(b)] and μ = 2.8 [Figs. 12(c) and
12(d)]. These values of μ correspond to the points in the
topologically nontrivial phases (marked by the white crosses

FIG. 12. Upper: The quasiparticle energies (a) for μ = 0.9,
�q = π and (b) for μ = 2.8, �q = 0. In both cases � = 0.3 is as-
sumed. Bottom: The corresponding ground state energy as a function
of q for (c) μ = 0.9, �q = π and (d) μ = 2.8, �q = 0.
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in Fig. 2) predicted in the main part of our paper. In the
bottom panels in both figures we show the total energy of
our system. One can clearly see that indeed the ground state
configurations (at pitch vector q∗) coincide with the topologi-

cally nontrivial region hosting the zero-energy modes. Such a
tendency for the topological ground state resembles topofilia,
predicted previously for self-organized magnetic chains
[34–36,40–43].
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