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Our report paves the way for insight into a structural disorder and its impact on the physical properties
of strongly correlated electron systems (SCESs). In a critical regime, each perturbation, e.g., disorder due
to structural defects or doping, can have a significant effect on the nature of the quantum macrostate of
these materials. For a select group of SCESs, we have empirically documented the Griffiths singularity, as
exemplified by CeRhSn, which exhibits non-Fermi-liquid characteristics in susceptibility and specific heat. Our
numerical analysis has supported the Griffiths phase scenario for CeRhSn and has revealed that its dc magnetic
susceptibility is strongly dependent on the size of inhomogeneous magnetic particles that form in these materials.
In the presence of strong disorder, we have proposed a magnetic phase diagram for CeRhSn. The classical
Griffiths phase has been identified in the temperature range below the onset temperature of TG ∼ 220 K, while
the quantum Griffiths phase with non-Fermi-liquid behavior emerges below the quantum critical temperature
of TQ ∼ 6 K. The phase diagram developed in this study bears notable similarities to the scenario previously
proposed by Vojta for magnetic quantum phase transitions in disordered metals.
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I. INTRODUCTION

The theory of noninteracting electrons in perfect metallic
crystals does not apply directly to the class of disordered
and correlated electronic systems. This simple approach falls
short of describing condensed matter systems of interest
today, where the Coulomb interaction between electronic
states determines the low-temperature behaviors of the metal.
These materials, even when obtained as good-quality single-
crystalline samples, are never free of disorder, and emergent
properties arising from the impact of defects and interac-
tions could often be clearly seen. The pioneering work of
Anderson [1] led to an understanding of how an electron
can stop diffusing and become localized when a crystal is
sufficiently disordered. Thus, disorder can be a reason for
metal-insulator transitions. The situation is much more com-
plicated in the presence of Coulomb correlations. The effect of
atomic as well as thermal disorder on the electronic properties
of strongly correlated electronic systems (SCESs) has been
the cause of intense later research, both experimental [2] and
theoretical [3,4]. Of particular interest are systems that are
close to a quantum critical point, where the non-Fermi liquid
(NFL) [5] and the Mott-Hubbard localization [6] are observed.
In such a case, the interplay of disorder and interatomic inter-
actions emerges as a pivotal issue, especially in the critical
regime of the system being at the threshold of instability. In
this regime, structural defects, acting as perturbations, can
produce a disproportionate effect by changing the nature of
the quantum macrostate of the system (cf. Ref. [3]).

*Contact author: andrzej.slebarski@us.edu.pl

A route of NFL behavior that emphasizes a disorder-driven
mechanism, known as Kondo disorder, has previously been
reported in Refs. [7–10]. The examples of strongly corre-
lated disordered systems comprise such materials as various
heavy fermion alloys: UCu5−xPdx [10,11], M1−xUxPd3 (M =
Sc, Y) [12,13], La1−xCexCu2.2Si2 [14], Ce1−xThxRhSb [15],
and U1−xThxPd2Al3 [13], to name a few, which exhibit non-
Fermi-liquid features, and are not magnetically ordered. As
theoretically analyzed by Miranda et al. [8,9], the effects
of disorder in these Kondo alloys on their low-temperature
physical properties have been documented, including the dis-
tribution of local Kondo temperatures and the subsequent
breakdown of the conventional Fermi liquid behavior.

Another scenario for the NFL behavior has been proposed
by Castro Neto et al. [16,17], who have attributed the strong
temperature dependence observed in low-temperature spe-
cific heat C(T ) and magnetic susceptibility χ (T ) of many
chemically substituted f-electron systems (cf. [18,19]) to the
presence of the Griffiths phase (GP) state [20,21]. Castro Neto
et al. have shown that, close to the quantum critical point
(QCP), strong responses from quantum fluctuation of mag-
netic clusters give singular contributions to the temperature
dependence of the physical properties in these materials. In a
finite region around the QCP (not just at criticality) defined
as the quantum Griffiths phase, thermodynamic observables
are expected to be singular. These singularities are caused
by the presence of the so-called rare regions. Since the dis-
order is random, there is an (exponentially small) chance
that some regions will have fluctuations so small that a local
“long-range” order can form. The larger the region, the
smaller the chance that this occurs. Despite this, these re-
gions have been shown to still affect the system near the
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critical point by enhancing the thermodynamic response [22].
In particular, this temperature region features power laws,
e.g., in specific heat, C/T ∼ T λ−1, magnetic susceptibility,
χ ∼ T λ−1, and magnetization isotherms, M ∼ Bλ, and is char-
acterized by the Griffiths exponent λ < 1. The rare regions
are locally ferromagnetic within the Griffiths phase state, even
though the bulk system is globally in the paramagnetic phase
[22]. Vojta [22] proposed a phase diagram of the Griffiths
phase region as a function of temperature T and the quantum
tuning parameter p. In this scenario, the strong disorder may
result in the emergence of an infinite-randomness quantum
critical point in a cluster glass area. Concurrently, a quantum
Griffiths phase and NFL behavior manifest over an extended
range above quantum criticality, giving rise to the power-law
singularities of thermodynamic observables. The number of
new compounds that exhibit Griffiths-McCoy singularities
continues to increase.

The aim of this work is the characterization of the Kondo
lattice CeRhSn with short-range ferromagnetic correlations,
which lead to the formation of the Griffiths phase state. We
mostly focus on magnetic susceptibility (ac, dc) at various
magnetic fields to propose modeling of the magnetic clusters
formed in the Griffiths phase state below the onset tempera-
ture TG. We consider a polycrystalline system to emphasize
the disorder-related effects, which in this case are presumably
more pronounced.

The paper is organized as follows: In Sec. II a brief re-
view of previous studies on the NFL behavior of CeRhSn is
provided. Section III describes the experiments performed. In
Sec. IV an analysis of the obtained data is presented in relation
to ab initio calculations. The results are then supported by a
toy model in Sec. IV B. The work is concluded in Sec. V.

II. KONDO LATTICE CeRhSn: PREVIOUS STUDY

We have previously shown [23–25] that CeRhSn ex-
hibits NFL temperature dependencies in its low-temperature
physical properties and is located near the QCP. Our re-
search on polycrystalline samples documented electrical
resistivity �ρ(T ) ≡ ρ(CeRhSn) − ρ(LaRhSn) ∝ T , similar
power laws in magnetic susceptibility and electronic specific
heat coefficient, χ ∼ C/T ∼ T −n with n = 1 − λ ∼= 0.5, and
magnetization M ∼ Bλ. These power-law singularities have
suggested the quantum Griffiths phase state for CeRhSn.
Later, similar power laws for χ , C/T , and M were experimen-
tally confirmed for the single-crystalline CeRhSn sample [26].
Since then, CeRhSn has been systematically studied, mainly
with the aim of interpreting its quantum criticality [26–31].
Very similar power laws were experimentally confirmed for a
single-crystalline CeRhSn sample [26].

The first measurement of the linear thermal expansion
coefficient α divided by temperature T , α(T )/T , did not
confirm its divergence down to 2 K for the polycrystalline
CeRhSn sample [32]. However, it has been found that the crit-
ical Grüneisen ratio �cr ∝ βcr/Ccr shows the 1/T ε behavior
between 2 and 8 K with exponent ε ∼= 1.2 [33], where βcr

and Ccr are the thermal volume expansion and the specific
heat with the background contributions subtracted (for the
polycrystalline sample β = 3α was assumed). The singularity
of �cr in a finite region around the QCP suggests the presence

TABLE I. Lattice parameters a and c at RT. The results were
obtained for each sample with the weighted-profile R factors [37]
Rexp < 0.9%, Rwp < 4.5%, and RBragg < 2.9%.

Compound a (Å) c (Å)

CeRhSn 7.4486 4.0807
LaRhSn 7.4911 4.2231

of the quantum GP. We also note that ε = 1 is expected for the
3D antiferromagnetic QCP [34].

Recent measurements of heat capacity and linear thermal
expansion down to millikelvin temperatures have indicated
the NFL ground state for CeRhSn [28] with a clear diver-
gence found in �(T ) for T < 0.5 K. Moreover, a pronounced
anisotropy of the linear thermal expansion coefficient divided
by temperature, α/T , was found. Specifically, αc/T measured
along the c axis was temperature independent, in contrast to
the divergence found in αa/T along a. This anisotropy in
α/T has been attributed to a quantum critical state induced
by geometric frustration in planes perpendicular to the c axis
[35]. In the case of CeRhSn with hexagonal ZrNiAl-type
structure, its Ce atoms indeed form a quasi-kagome lattice
[28] with possible frustrated interactions [29]. The presence
of local Ce moments was postulated based on the metamag-
netic crossover observed at the lowest temperatures [29] (note
that at T = 1.5 K any magnetic order within a limit for an
ordered moment of 0.25 µB, has not been detected, using a
high-resolution neutron spectrometer [23]). The scenario of
frustration-induced quantum criticality appears to be correct
for describing the thermodynamic properties of CeRhSn at
the lowest temperatures (low-energy limit) and does not ex-
clude the presence of the Griffiths phase state, which has
been explicitly documented experimentally at much higher
temperatures.

III. EXPERIMENT

Polycrystalline samples of CeRhSn and LaRhSn were pre-
pared by the arc-melting technique and subsequent annealing
at 800 ◦C for 2 weeks. The samples were examined by x-ray
diffraction (XRD) analysis (PANalytical Empyrean diffrac-
tometer equipped with a Cu Kα1,2 source) and found to be a
single phase with hexagonal structure of the Fe2P type and
space group P6̄2m. The XRD patterns were analyzed with
the Rietveld refinement method using the FullProf Suite set
of programs [36]. The results of the room temperature (RT)
refinements are presented in Table I. Figure 1 displays the
observed and calculated XRD profiles in RT for CeRhSn.

The stoichiometry and homogeneity of the samples were
checked using an electron energy dispersive spectroscopy
technique. The atomic percentage of the specific element
content in the obtained samples is very close to the as-
sumed composition. Microprobe measurements revealed the
chemical compositions that correspond to the formulas
Ce0.99RhSn0.99 and La0.98RhSn0.99, obtained respectively with
accuracy better than 1.5% for Ce and La, and better than 1%
for Rh and Sn, and thus confirm the desired stoichiometry.
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FIG. 1. Observed (black points) and calculated (red line) profiles
for CeRhSn at RT (the intensity is expressed in arbitrary units). The
short vertical lines indicate the positions of Bragg reflections for the
parameters listed in Table I. The difference between observed and
calculated profiles is shown at the bottom of the figure. The lack of a
perfect agreement between the measured and calculated XRD spectra
is attributed to atomic disorder in the sample.

The scanning tunneling microscopy (STM) experiment al-
lowed us to determine the real structure of the sample. This
is a good idea for experimentally confirming a tendency for
clustering of atoms. Microscopic analysis of CeRhSn with
atomic resolution using a JEOL JSPM-4210A AFM setup
has revealed nanometer-sized crystalline grains separated by
intercrystalline regions with point defects and dislocations,
related to the unit cell of the sample, as shown in Fig. 2.
The high-resolution STM image obtained at room temperature
and at high vacuum shows the topographical map of the flat
surface of the sample, which initially was formed using a
diamond saw and mechanically polished. The sample was
annealed at 300 ◦C under vacuum in the microscope chamber
(in situ) immediately before measurement; this thermal treat-
ment allowed partial desorption of water and other hydroxyl
groups from the sample surface. The aim to present this sur-

FIG. 2. CeRhSn; STM image from a small part of the surface
with atomic resolution.

face image was to show that the CeRhSn system is disordered.
Further, the structural disorder is the cause of the formation
of magnetic moments, which create dilute clusters. We write
about this extensively in Sec. IV B; it was also documented in
our previous DFT calculations (Sec. IV A).

The ac magnetic susceptibility was measured in the tem-
perature range 2–300 K with an ac field of 2 Oe for various
frequencies using a Quantum Design PPMS platform. The dc
magnetic measurements were performed in the temperature
interval 1.8–300 K and magnetic fields up to 1 T using a
Quantum Design PPMS platform equipped with a vibrating
sample magnetometer option.

The heat capacity was measured in the temperature range
1.8–300 K and in external magnetic fields up to 14 T using
the same PPMS platform. Apiezon N cryogenic high vacuum
grease product [38] was used to mount the CeRhSn and/or
LaRhSn samples on the sapphire sample holder platform to
ensure good thermal contact from the heater to the sample.
However, it should be noted that the heat capacity of Apiezon
N has a measurable contribution to the addenda [39], which
was subtracted from the raw specific heat data.

IV. RESULTS AND DISCUSSION: GRIFFITHS PHASE AND
ITS EVOLUTION WITH ATOMIC DISORDER

A. Predictions of the Griffiths phase state in CeRhSn: A possible
quantum Griffiths region with the power-law singularities of

susceptibility and electron specific-heat coefficient

The Fe2P (ZrNiAl) type crystal structure of CeRhSn has
a planar geometry with the spacing of about 3.9 Å between
Ce ions in the ab plane (002), larger than the Hill limit [40],
while the Ce-Ce distances are much larger in the direction
perpendicular to this plane. Consequently, direct f-f overlap
can be negligible, while the hybridization mainly between the
Ce 4 f and Rh 4d states, significantly enhanced by disorder,
could be the reason for the weakly magnetic properties of
CeRhSn. Indeed, our previous numerical calculations of the
density of electronic states (DOS) for the Ce-Rh-Sn alloys
with assumed various local environments of Ce atoms yielded
a magnetic moment μ �= 0 per formula unit only for the disor-
dered alloy with one (μ = 0.25 μB) or two (μ = 0.34 μB) Rh
atoms occupying Ce positions, respectively [41]. In contrast,
the structurally ordered system was calculated to be param-
agnetic. To confirm the ab initio predictions, the magnetic
susceptibility of dc and ac was measured as a function of
temperature in various magnetic fields or at various frequen-
cies, respectively. As shown in Figs. 3 and 4, the presence
of an incomplete structural ordering results in the formation
of a weakly magnetic phase below TG ≈ 220 K, which bears
similarity to the Griffiths phase scenario. The Griffiths phase
consists of magnetic clusters in a paramagnetic region at
T � TC as a result of the competition between the Kondo
and Ruderman-Kittel-Kasuya-Yosida (RKKY) interactions in
the presence of structural disorder [42]. Magnetic suscepti-
bility shown in Fig. 3 does not follow the Curie-Weiss law
for T < TG and is strongly field dependent, while within the
low-temperature region (T < 7 K) χ ∼ T −0.38 (B = 1 T), as
shown in the inset of Fig. 3(b), and magnetization isotherm
at 1.8 K M ∼ B0.65. Figure 3 shows a rapid decrease in χ (T )
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FIG. 3. (a) The dc magnetic susceptibility vs temperature data
measured for CeRhSn in different values of applied fields, measured
in field-cooled mode. (b) χ (dc) at 300 K vs magnetic field (blue
points), and power-law fit to the data (red line). The inset exhibits
χ (T ) in log-log scale and χ ∼ T −0.38 approximation (green line).

between TCG ∼ 35 K and ∼15 K due to cluster stiffening that
leads to the formation of diluted cluster spin glass (CG). TCG

is the freezing temperature of the diluted clusters at which the
formation of the cluster spin glass–like state begins. This CG
state could be interpreted in terms of rare regions [22], where
the slow dynamics of clusters can give rise to the power-law
singularities of the observables studied. These singularities
have been observed in the experimental data at the lowest tem-
peratures [see the inset of Fig. 3(b)]. In this temperature range
the magnetic clusters are strongly diluted and large, thereby
rendering the ac susceptibility practically independent of the
frequency ν of the applied magnetic field when ν > 100 Hz,
as illustrated in Fig. 4. The weakly detectable dependence of
χ ′ on ν can only be observed for the sample with disorder
enhanced by doping at frequencies lower than 100 Hz, as
shown in the inset in Fig. 4(b).

We postulate that TQ ≈ 6 K separates the classical Griffiths
phase and the quantum Griffiths phase with non-Fermi-liquid
behavior (cf. Ref. [22]). The power-law singularities in χ (T )
could be modified at much lower temperatures by a possi-
ble metamagnetic transition, as suggested in Ref. [28]. In

FIG. 4. Temperature (log scale) dependence of the real (a) and
imaginary (b) part of the ac magnetic susceptibility for CeRhSn
measured for various frequencies of the applied magnetic field; the
amplitude of the magnetic field was 2 G. The inset shows χ ′ vs
ν for CeRh0.98Ni0.02Sn sample with enhanced disorder by doping
of CeRhSn with Ni. The ν effect is weak and can be detected for
ν < 100 Hz.

Sec. IV B we propose a simple model that relates the increase
of χ below TG to the formation of magnetic clusters.

The progressive decrease of χ (dc) with increasing applied
field shown in Fig. 3 is characteristic of the classical GP state
and allowed us to distinguish the Griffiths singularity from the
smeared phase transition between the paramagnetic and ferro-
magnetic states. As shown in Fig. 3(b), this dependence of χ

on B is well approximated by the power law. However, the
field effect in χ (T ) becomes negligible for fields B > 0.5 T,
indicating the presence of maximally large magnetic clusters
(cf. Fig. 3). A similar cluster-size effect stimulated by a mag-
netic field has already been experimentally suggested [43–45]
for a variety of nanoparticles. In Sec. IV B, we propose a
theoretical explanation for the growth of the magnetic clusters
with increasing field B.

Figure 5 shows the inverse dc susceptibility, χ−1, as a
function of T for CeRhSn. Since CeRhSn is a valence-
fluctuation-type paramagnet [23], in the conventional para-
magnetic region it does not follow the Curie law and χ−1

shows a tendency to saturation with increasing T , as shown in
Fig. 5(a) within T > TG. Below TG, χ−1 displays a downward
deviation that strongly depends on the field. This behavior is
considered a hallmark of Griffiths singularity. The softening
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FIG. 5. (a) Temperature dependence of the inverse dc suscepti-
bility χ−1 under different fields for CeRhSn. (b) 1/χ under magnetic
field B = 0.5 T vs reduced T (T/T g

C − 1) in log-log scale.

of the downward behavior in χ−1 and progressive increase
of χ−1 in the field are typical characteristics of the GP state,
thereby justifying the Griffiths singularity scenario, in contrast
to the typical magnetic phase transition between the ferromag-
netic and paramagnetic state.

Within the Griffiths model, the GP singularity is expressed
by a power law in the inverse susceptibility, χ−1 ∝ (T −
T g

C )(1−λ) [16], where 0 < λ < 1 and T g
C is the critical tempera-

ture of random ferromagnetism of the sample where χ tents to
diverge. Figure 5(b) shows a change of log10(χ−1) depending
on log10(T/T g

C − 1), which for T < TG can be well described
by the expression χ−1 ∝ (T − T g

C )(1−λ) for T < TG with the
fitting parameters T g

C = 0.8 K and λ = 0.45. However, we can
note two linear regimes with different slopes of log10(χ−1),
as highlighted by red dashed lines. The first linear behavior
is clearly visible between TG and ∼30 K, while the second
is observed for temperatures T < TQ. We attribute the slope-
effect to the presence of quantum and classical Griffiths phase
states, separated by TQ. Furthermore, we also suppose that the
slope effect shown in Fig. 5(b) may be observed in a number of
other similar SCESs. In such a case, this behavior could serve

FIG. 6. Time-dependent remnant magnetization M for CeRhSn
at various temperatures. The inset shows M(t ) normalized to the
M(t = 0). The blue solid line represents a fit to equation M(t ) =
M(0) ∝ t−α for the data at T = 2 K with the fitting parameter α =
7.9 × 10−3.

as a useful criterion for distinguishing between the various
Griffiths phase states in the classical and quantum regions.

The isothermal magnetic relaxation phenomenon in
CeRhSn was investigated as a final test of the formation of the
glassy state in this compound. The sample was first zero field
cooled from 300 K down to 2 K with a constant cooling rate
and kept at a target temperature for a waiting time tw = 300 s
in a field of 5000 G. Then, the field was switched off. Figure 6
displays the time evolution of magnetization, M(t ), measured
in zero-field-cooled mode at temperatures 2, 10, and 50 K with
an applied field of 0.11 G. The observed time dependence
of isothermal remnant magnetization M(t ) at T = 2 K is t
dependent and can be fitted by a power law, M(t ) = M(0)t−α ,
with the fitting parameter α = 7.9 × 10−3. This type of time
dependence of the magnetization is expected for CeRhSn at
temperatures T g

C < T < TCG. Above TCG the power-law be-
havior of M(t ) is not observed, as shown in Fig. 6.

Figure 7 displays the specific heat C of CeRhSn and
its reference LaRhSn compound at various magnetic fields.
The heat capacity, C(T ), of CeRhSn exhibits some notable
feature at T ∼ TG, which is not field dependent and is not
typical of the magnetic phase transition, and has not been
detected for LaRhSn. This feature could be attributed to the
appearance of the GP state in CeRhSn, especially because
the high-temperature specific heat anomaly well correlates
with the thermal expansion anomaly at ∼220 K, a finding
that had previously been demonstrated for CeRhSn through
x-ray diffraction measurements (cf. Ref. [46]). At the same
time, one also needs to take into account that the contribution
of Apiezon N to the raw CeRhSn C(T ) data is not suffi-
ciently well subtracted, which also leads to similar abnormal
C(T ) behaviors at ∼230 K and ∼289 K, associated with
the glass transition, previously reported for this contact agent
[39,47]. Due to such ambiguity, we do not interpret this C(T )
anomaly at ∼240 K, but we analyze a �C ≡ C(CeRhSn) −
C(LaRhSn) increment, that appears for T > 100 K, as shown

235106-5
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FIG. 7. Temperature dependence of the specific heat C for
CeRhSn at the magnetic field B = 0 and 14 T in comparison with C
of LaRhSn at B = 0. The inset shows the low-temperature C(T )/T
data obtained for CeRhSn at the field B = 0, 1, and 5 T in comparison
with C(T )/T for LaRhSn (B = 0). �(C/T ) exhibits a difference
between C/T of CeRhSn and LaRhSn.

in Fig. 7. The maximum value of �C ∼ 7 J/(mol K) is
reached at T = TG and with a further increase in T the value
of �C remains almost unchanged. In our understanding, this
�C(T ) behavior better documents the formation of the GP
state below TG.

The inset in Fig. 7 shows the behavior of C(T )/T ∝ T −n

with the exponent n = 0.4. The C/T vs T data also show a
feature at 5.5 K, which is, however, not typical for the glassy
transition. Similarly, ac susceptibility does not show a char-
acteristic frequency dependence at this temperature, although
χ ′′ shows a broad peak located around 6 K (see Fig. 4). This
behavior at ∼6 K is more suggestive of a transition between
the classical and quantum GP states. LaRhSn behaves dif-
ferently; no anomalies were detected in its specific heat. In
the high-temperature limit C of LaRhSn reaches the value
of 3NR = 74.8 J (mol K)−1, which is consistent with the
Dulong-Petit law (R is the gas constant and N is the number
of atoms in the formula unit), as shown in Fig. 7.

Figure 8 shows magnetic contribution �S = S(CeRhSn) −
S(LaRhSn) to the entropy S of CeRhSn. For tem-
peratures T < 300 K, �S(T ) does not reach the value
R ln 2 = 5.76 J/(mol K) that corresponds to the doublet
ground state of Ce and reveals a linear change with T for
∼100 < T < 235 K, i.e., within the temperature range, where
a limited number of small and noninteracting spin clusters
appear. A broad maximum in �S(T ) at ∼30 K could be
related to the formation of the CG state. It could also be
related to the strongly frustrated arrangements of 4 f moments
in CeRhSn, as previously reported by Tokiwa et al. [28].
For comparison, the inset of Fig. 7 displays a broad peak
in the �(C/T ) = C/T (CeRhSn) − C/T (LaRhSn) vs T pre-
sentation with a maximum in �(C/T ) at T ∼ 20 K, which
also signals an effect of inhomogeneous CG-like magnetic
order. The thermodynamic properties of CeRhSn at both

FIG. 8. Temperature variation of magnetic entropy �S =
S(CeRhSn) − S(LaRhSn) of CeRhSn after subtracting the phonon
contribution. The dashed line (red) shows the linear dependence of
�S(T ).

high and low temperatures are analogous to those observed
for a number of Fe-based paramagnetic Heusler alloys, with
a well-documented Griffiths phase state (cf. Refs. [48–50]).
Ab initio calculations always indicated the presence of mag-
netic moments on the wrong-site iron atoms due to local lattice
disorder, whereas the ordered system was calculated param-
agnetic. Similar band structure calculations also predict the
magnetic moment on the Ce ion for CeRhSn in the presence
of its local disorder.

B. Toy model

The complexity of the low-temperature behavior is likely a
consequence of the interplay between various factors, includ-
ing disorder, frustration, and quantum fluctuations. However,
the pronounced increase in χ (T ) just below TG may be at-
tributed to the formation of a limited number of small spin
clusters, a phenomenon that can be effectively captured by
a simple theoretical model. We assume that the sample con-
tains a fixed number of magnetic moments, which does not
depend on the temperature, but these moments may form
ferromagnetic clusters. To keep the discussion general, we do
not specify whether the moments are on Ce or Rh atoms. For
the purpose of a quantitative analysis, it is assumed that there
are N magnetic moments with a magnetic moment magnitude
s present in the sample. They can be just electron spins s = 1

2 ,
but they can also be higher moments. If they form a cluster
consisting of i ferromagnetically aligned moments, the total
moment of the cluster would be J = is. The dependence of
magnetization M of the ideal paramagnet on magnetic field B
is given by the Brillouin function

M = NgμBJBJ (x), (1)

where

x = gμBB

kBT
. (2)
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For temperatures of the order of TG the argument of the
Brillouin function x 
 1 and in this limit Eq. (1) reduces to
the Curie law

M = Ng2μ2
BJ (J + 1)B

3kBT
, (3)

which can be written as

M = AJ (J + 1)
B

T
. (4)

Then, the susceptibility

χ = M

B
= A

J (J + 1)

T
. (5)

When the temperature is reduced below approximately T0 =
230 K clusters are formed. We assume that for T < T0 we
have n(J ) clusters with magnetic moment J . Since the total
number of elementary moments s is equal to N , we have

N =
∞∑

i=1

n(is)i. (6)

We assume a simple distribution of cluster sizes [51],

n(J ) ∝ J−a, (7)

where the exponent is temperature dependent a = a(T ). Then,

n(J ) = κJ−a, (8)

and Eq. (6) can be rewritten as

N = κ

∞∑
i=1

(is)−ai. (9)

If a > 2, the above can be written as

N = κs−aζ (a − 1), (10)

where ζ (. . .) is the Riemann zeta function. This equation gives
the normalization constant κ . In the case where a < 2, the
series in Eq. (9) is not convergent. However, for temperatures
exceeding T0, the magnetic moments are not clustered, result-
ing in a strongly peaked distribution (7) at the lowest possible
value of J , which is s. This corresponds to a → ∞, which
allows us to assume that at temperatures slightly below T0, the
condition a > 2 is still satisfied. Subsequently, according to
Eq. (4), the total susceptibility originating from the clusters
can be expressed as

χ = A

NT

∑
J

n(J )J (J + 1)

= As

T

[
s
ζ (a − 2)

ζ (a − 1)
+ 1

]
. (11)

The above is valid only for a > 3, but below we show that this
condition is always satisfied.

At T0 we have no clusters, so J = s and Eq. (5) gives

χ (T0) = A

T0
s(s + 1). (12)

Combining Eqs. (11) and (12) we can write

χ (T < T0)

χ (T0)
=

[
s
ζ (a − 2)

ζ (a − 1)
+ 1

]
1

s + 1

(
T

T0

)
. (13)

0.0
0.2
0.4
0.6
0.8
1

1
2
1 1 32 2 3 45

2
7
2

FIG. 9. (a) The blue line shows the temperature dependence of
the exponent a [see Eq. (7)] for the magnetic filed B = 0.005 T
and for the elementary moment s = 1

2 . The dashed red line shows
the susceptibility χ (T < T0) that enters Eq. (13), which was used to
calculate a. The inset illustrates the distribution for a = 3.01. (b) The
blue line shows the temperature dependence of the size of an average
cluster n̄ [see Eq. (14)] for the same parameters as in panel (a).

Since ζ (a − 2)/ζ (a − 1) diverges as a → 3 from above, for
arbitrarily strong increase of the susceptibility the exponent a
in Eq. (7) will never drop to 3 or below. The distribution for
∞ > a > 3 is rapidly decaying, which means that even an ad-
mixture of a small number of small clusters can significantly
increase susceptibility.

By measuring the ratio on the left-hand side of Eq. (13)
one can determine the exponent a(T ), which allows calcu-
lating the temperature dependence of the average number of
elementary moments in a cluster as the ratio of the average
cluster moment to s, that is,

n̄(T ) =

∑
J

n(J )J

s
∑

J

n(s)
= ζ (a − 1)

ζ (a)
. (14)

In order to demonstrate the predictions of the model, we
applied it to the case where s = 1

2 , and χ (T ) is given by the
red line in Fig. 4 (B = 0.005 T). The results are presented
in Fig. 9. At T = T0, which we assumed to be 230 K, there
are no clusters, so a = ∞ and n̄ = 1. Then, with decreasing
temperature, even a small increase in susceptibility requires
a rapid drop in a. However, both a and n̄ quickly saturate at
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FIG. 10. Interpretation of the underlying microscopic states re-
sponsible for the susceptibility: For temperatures above TG the
system includes single magnetic moments; at TG noninteracting clus-
ters start to form, resulting in a dramatic increase of χ , as described in
Sec. IV B; at TI the intercluster interactions begin to overcome ther-
mal fluctuations thereby gradually reducing χ . At TCG they lead to
freezing of the clusters and the formation of cluster spin glass. With
a further lowering of the temperature, below TQ, a quantum Griffiths
phase gives rise to the power-law singularities, which is modified
at much lower temperatures by possible metamagnetic transition,
as has been suggested in Ref. [28]. Note that these graphics only
schematically illustrate the magnetic structure; in reality, the clusters
are much more diluted.

a � 3 and n̄ ≈ 1.35. This means that even the large increase
in χ around T = 180 K can result from a small admixture of
small spin clusters. The size distribution presented in the inset
in Fig. 9(a) shows that the concentration of clusters decreases
rapidly as their size increases, while single unclustered mo-
ments continue to be predominant.

The restriction a > 3 seems somewhat artificial, but is due
to the assumption of a particular form of the cluster size dis-
tribution (7). Nevertheless, the conclusion that such a strong
increase in susceptibility may be due to the appearance of very
small and dilute clusters can also be expected to remain true
for more general distributions.

V. CONCLUDING REMARKS

Comprehensive studies of CeRhSn carried out in the tem-
perature range T < TG ∼ 220 K clearly indicate the presence
of the Griffiths phases and also correlate well with the the-
oretical approach proposed by Vojta [22]. We focused here

on the interpretation of the results obtained in the tempera-
ture range T > 2 K; however, our research does not exclude
the previously postulated critical behaviors resulting from
the frustration effect [28] in the mK area. The experimental
results presented here allowed us to attempt to propose a
microscopic interpretation of the unique behaviors observed.
From the characteristic points in χ (T ) it is possible to indicate
some temperatures within the Griffiths phase at which the
magnetic structure of the compound changes qualitatively. In
particular, we relate these temperatures to the nonmonotonic
character of χ (T ). Figure 10 summarizes one of the possible
scenarios. The system shows two regions of rapid increase in
susceptibility, the first between TG and TI and the second at
TQ. While the former has been explained in Sec. IV B, we
relate the latter to the complex physics that emerges when
classical effects begin to interact or compete with quantum
effects, as mentioned in the text. The observed decrease in
χ (T ) between TI and TQ, and particularly between TCG and
TQ, is attributed to the interactions between the clusters and
their surrounding environment, as well as between the clusters
themselves. These interactions are assumed to be responsible
for the suppression of cluster dynamics.

The Griffiths phase scenario therefore seems to be justified
for T < TG. It can be observed from the dc 1/χ vs T plots
that the GP is sensitive to magnetic fields, as the external
field increases. This phenomenon gradually weakens, and it
is observed to disappear at the applied fields larger than 1 T.
Analogous behavior in χ−1(T ) with increasing of B was ob-
served for other systems where the Griffiths phase is already
well documented. The results of ac magnetization show that
the GP interplays with the SG below TCG; similar behav-
ior was reported very recently for Ni2MnSb polycrystalline
Heusler alloy [52]. Following Vojta [22] we attributed this
diluted cluster glass phase to the presence of rare regions,
where the slow dynamics of clusters can give rise to the
power-law singularities of χ . Our modeling does not exclude
the possible metamagnetic crossover in CeRhSn at the lowest
temperatures, which could lead to frustration-induced quan-
tum criticality, as proposed by Tokiwa et al. [28].
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